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Abstract

We provide an analytic solution for the problem of the unsteady, incompressible viscous fluid flow in the case of
variable suction/blowing by applying similarity transform; the ‘slip’ condition at the boundary is considered. Several
special cases with their solutions are given and are discussed graphically. It is observed that with an increase in suction
the velocity increases and hence the boundary layer thickness decreases and with increase in blowing the velocity
decreases and boundary layer thickness increases. It is also found that with an increase in slip parameter the velocity

decreases.
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1. Introduction

The known exact solutions of the Navier-Stokes
equations are few in number, especially for two-
directional unsteady flows and these become further
rare when general variable suction velocity and free
stream velocity was considered. This is due to the fact
that solution can not be obtained without specifying
some specific form of the variable suction velocity.
Same problem occurs when the general plate velocity
is taken at the boundary. As far as author is aware no
attempt is made to discuss the physical results of the
slip condition when the variable suction/blowing and
the general free stream velocity are considered.
However, a number of special cases are discussed by
various authors, in which they considered constant
suction/blowing, constant or oscillating free stream
velocity and the “no-slip” condition (see for instance,
the references (Stokes, 1901; Turbatu et al., 1998;
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Mohyuddin, 2006; Erdogan, 2000; Landau and
Lifshitz, 1959)).

In the present analysis we consider a general free
stream velocity at the boundary and general variable
suction as a function of time. We also assume the slip
between the velocity of the boundary and the plate.
The relative velocity between u (0, t) and the plate is
assumed to be proportional to the shear rate at the
plate (Shiping, 2001; Khaled and Vafai, 2004). The
solution of the problem is obtained by defining a new
variable which transforms the problem into an
ordinary differential equation. Eight special cases are
discussed and graphs are plotted in each case to give
the physical interpretation of the solution.

2. Problem formulation

Let us consider an unsteady flow of an incom-
pressible viscous or Newtonian fluid. In the ortho-
gonal coordinate system X, y, z, the behavior of such a
fluid without body forces is usually described by the
Navier-Stokes equations. The unsteady Navier-Stokes



830 Muhammad R. Mohyuddin / Journal of Mechanical Science and Technology 21(2007) 829~836

equations and the continuity equation are described
by (Schlichting, 1968)

p% =divT, 1)
divv=0 ()

where V is the velocity field, p is the density, d/dt is
the mobile operator, div is the divergence and

T=—pl+uA, 3)

is the Cauchy stress tensor in which —pl is the
indeterminate part of the stress (with pressure p and
the identity tensor I), p is the coefficient of viscosity
and A, =VV+(VV) is the first Rivlin-Ericksen
tensor (Rivlin and Ericksen, 1955) or kinematic
tensor in which VV is the gradient of velocity
vector and superscript 7'is the transpose.

We assume that an infinite permeable wall is
aligned along the x—axis, and the y—axis is per-
pendicular to it, and the flow is planar. The fluid is
bounded by the plate, which moves with general
velocity U(z). From the continuity equation the
y—component of velocity is function of time only and
equals V (¢) (we take V (¢) <0 for suction and V(z) > 0
for blowing). The velocity field thus becomes

V(. 9 =[u(y 1, V(©,0] “)

Using Eq. (4) in Eq. (1) we obtain

2
u + V(t)—au Ll +v 0 Z 5)
ot oy p Ox oy
and
d op
—V({t)=—— 6
P VO Py (©)

Defining the modified pressure

_ av
D=—p——y+p(t) @)
dt

Equation (5) becomes

2
Xy 2oy 28
oy

Py > (®)

where p, (#) is the reference pressure, v =u/p isthe
kinematic viscosity and u is the velocity in the
x—direction. It is required to find the velocity
distribution as a function of time and the space co-
ordinate y.

For the boundary condition we assume the
existence of slip between the velocity and the plate.
The relative velocity between u (0, t) and the plate is
assumed to be proportional to the shear rate at the
plate (Khaled and Vafai, 2004)

Bu(0,7)
oy
u(y,t) >0as y—>oo (10)

u(0,0) = =U(@) )

where f is the slip parameter ( B =0 gives the usual
no-slip condition). We have assumed that the fluid is
bounded at infinity (Bird et al., 1960) that is

u(y,t)%O as y—>o. an

3. Solution

The partial differential equation described in eq-
uation (8) can be reduced to a linear ordinary di-
fferential equation by defining the similarity trans-
formation as:

— |V (t)d
oo [r@a

2 (12)

After transforming Eq. (8) and the boundary
conditions (9) and (10) we obtain the following
system.

d*u 5 du

AU ey, 13
i wd(p (13)
du
{M(@—a—} =U(), (14
de | _
p=A(1)
u—>0 as @—ow, (15)

where prime denotes the differentiation with respect
to variable 7 and

v @)dt

Tl (16)

__P _
a_zﬁ,ﬁ(z)_

The general solution of Eq. (13) is
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up)=c,[ e ds+e,, (17)

where ¢, and c,are integration constants. In order

to satisfy the Eq. (15) we take ¢, =— gcl to get

o

u(@)=c¢ [erf((ﬂ) el A(L=erf (p)), (18)

2 v .
where €/ (9) N f € d¢ s the error function.

In order to satisfy the boundary conditions (14) we
require that

A= U(t){erfc(/l(t) + ZTZM”Z } . (19)

Because the Egs. (16) and (18) show that A is a
function of time only. Since A is the integration
constant, it should be independent of time which is
possible only if

U(t) = (const){erfc(ﬂ(t)+%e“”z } . (20)

Equation (20) is the relationship between U (%) and
V (¢) and at the same time it shows the consistency of
A from equation (19) and it further shows that 4 is a
fixed number.

Since from Egs. (16), (17) and (20) we see that

u=u(y,t, U®),V(1), @2n

it is necessary to describe a function in the form of Eq.

(20) and at the same time U (?) , (from Eq. (19)) ,
defines the value of A which significantly affects the
value of u. Hence we conclude that the set of
equations

p=p,)— p@y, (22)
t
[ y=rwar
u —Al:l erf{—z\/; H, (23)
v=V(t), (24)
U(t) = (const){erfc(l(t) + %e*“’f } , (25)

are the solution of the problem under consideration.
In Eq. 25) erf ¢ (x) = 1 — erf (x) is the com-
plementary error function.

4. Special cases

In order to understand the physical aspects of
solution given by Egs. (23)~(25) we consider some
special cases.

4.1 Case 1

We assume that the wall is rigid and there is ‘no
slip’ at the wall that is, when V' (#) = 0, p=0and
U(t)=U, we get, from Egs. (22)~(25), the
following solution (Schlichting, 1968)

p=po(t), (26)

u=U{1—erf[2\)/};H. @7)

Equation (27) is the well known Stokes’ first
problem. Defining

r="0y, 28)

we get the non-dimensional form of Eq.(30) given as
JEn)=1-erf(n), 29

where

_ ¢
7 2\/;~
4.2 Case 2

In this case we assume that there is ‘no slip’
(B=0) at the wall, U(¢)=U, and the suction or

blowing velocity is of the form V' (2) = % \E . The

solution is given as

kv
p:po(t)+p7\g%, (30)

P .
1 ef[zﬁ 2)
1+erf[§)

. 31)

u=
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The non-dimensional form of Eq. (31) is

o)
1+erf(§)

The velocity f against 7 for various values of
k, suction (k = -2) and blowing (k = 2, 4), is plotted in
Fig. 3.

f(&.n)= (32)

4.3 Case 3
In this case we consider the slip (8 # 0 ) at the wall,
zero suction or blowing velocity V() = 0, and
U(1)=U, and we get
p=p,(1), 33)
|y
U, 1-
0{ erf (2\/‘}—[ j:|
u(y,0) = D (34)
1+ —
Jr
The dimensionless form of Eq. (34) is
1—erf(n
f(é,r)=%. (35)
I+ —=

e

The velocity f against 7 for various values of «,
the slip parameter, is plotted in Fig. 1.

4.4 Case 4

In this case we will take into account both the slip
condition ( # # 0 ) and the

suction or blowing velocity (¥ (¢) = % \/g) and U

1%

Fig. 1. The velocity f against 5 for different values of
the slip parameter.

(t) = U, and obtain

pk /v y
= t—_ -,
p=po () a\7;

e |

(36)

@37

u(y,t) = X 2
l+erf’(§j+ﬁe_“

0 0.5 1 1.5 2 2.3

Fig. 2. The velocity f against n for different values of the
slip parameter and k=23.
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Fig. 3. The velocity f against 5 for different values of
suction/blowing parameter, without slip.
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Fig. 4. The velocity f against n for different values of
suction/blowing parameter, with slip.
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ot
el 3%
1+ erf[%j+%677

The velocity f against 7 for various values of slip
parameter « and suction/blowing parameter k,
suction (k = -2) and blowing (k = 2,4), are plotted in
Figs. 2~4.

fg.n)=

4.5 Case 5

In this case we assume that the suction/blowing
velocity is linear in the variable ti.e., V' (¢) = at and U
) =U, p # 0,then the pressure field and velocity
profile are given as

p=p,O)—apy, (39

and

”(y,f) = B JER (40)
l+erf _ar_ _,_ziae’lsv
avt ) \x
The dimensionless form of Eq.(3.5.2) is
a 3
1- erf[ﬂ - ZTZ ]
[ )= 1)

— 3 a’ ?
|la 3] 2a -
l+erf| —7% |[+—=e ¢
3%
where @=av/U; . In the limiting case (when

7 —> o ) the expression (41) exactly approaches to

unity.

Fig. 5. The velocity f against 7 for different values of slip
parameter and a=1.

Figure 1 is plotted for velocity f against 7 when
(a =0,0.2,0.5,1) . It is seen that with the increase
in slip parameter the velocity decreases. Figure 2 is
plotted for velocity f against # when (¢ =0, 1, 2,3
and k = 2.3) . It is clear from this figure that the
velocity attains its maximum value (f = 1) and
gradually decreases with the increase in « and
becomes smooth at 1 = 2.6. Figure 3 is plotted for
velocity f against 7 when (¢ =0 and k =-2, 0, 2,
4) . We see that for different values of k velocity starts
with its maximum value one and converges rapidly
with the decrease of parameter k. Figure 4 is plotted
for velocity fagainst 7 when (o =1andk=-2,0,
2, 4) and it shows that velocity the decreases with the
increase in slip parameter « . It is observed from the
Figs. 3 and 4 that the parameter k shows the behavior
of suction and blowing, that is, for k=2,4 it is the case
of blowing for which the boundary layer thickness
increases and for k=-2 it is the case of suction for
which the boundary layer thickness decrease, whereas
for k=0 there is no suction or blowing in the flow
region. Figure 5 is plotted for velocity f against 7
when (¢ =1, =3 and « =0, 1, 2, 3). It is
observed that for 7> 7, the velocity coincides with
the free stream velocity. Similar observation is found
when @ = 3.7.

4.6 Case 6

Here we assume the exponential type suction/
blowing velocity i.e., "(f) = Uye™and U) = U,, B
# 0. Expressions are written of the following form

P=D (t) - CPer”y» (42)

and

U g
Uy | l—erf| —5=—

2t

unn= E CO)

e 4cPvt

U,e ] 2a

l—erftzc\/g +ﬁ

The non-dimensional form of Eq. (43) is

1 -
l—e}ff(n—_e”]
2t )

f(g’r) = &
C,j 200 =
e +—=e

. 1
1_e4(25ﬁ Jr
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Fig. 6. The velocity f against 7z for different values of slip
parameter and c=1.
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Fig. 7(a). The velocity f against 7 for different values of
slip parameter and c=1, 7=0.5.
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Fig. 7(b). The velocity f against 7 for different values of
slip parameter and ¢=8, 7=0.5.

c=1l,t=3

Fig. 7©. The velocity f against n for different values of
slip parameter and c=1, 7=3.

where c=cv/U; .

Figure 6 is plotted for velocity f against 7
when (¢ =1, z =05and ¢ =0, 1,2, 3). In Fig.
6 the velocity decreases with increase in slip para-
meter and becomes uniform for ¢ =1and 7 >3.

4.7 Case 7

The results when V (t) = Uge ©, U (t) = U,, and S
# 0Oare

P =D (t) + C/Jerfmy P (45)

y+&e""
Uy|1-erf| —5——

2t

u(y,t) = . (46)

e ac*vt

Upe™ J 2a

l—erf[zc\/; +ﬁ

The non-dimensional form of Eq. (46) is

oo le)

8—2?;
1 ”j+ 20

l_erf[zw?e N

Figure 7 is plotted for velocity f against 7 when
(¢ =1, 7=05and a =0,1,2,3),(c =8, 7 =
05and a =0,1,2,3)and(¢ =1, 7 =3 and «
=0, 1, 2, 3). In Fig. 7(a) the velocity decreases with
increase in slip parameter and becomes uniform for
¢ =1and n22.5. Comparing Fig. 7(b) with Fig.
7(b) we see that the velocity remains bounded in Fig.
7(b) whereas in Fig. 7(b) it was unbounded and
decreases as we increase the parameter ¢ (c > 8) for t
= 0.5, the velocity becomes infinite at the plate.
Similar results are obtained by comparing Fig. 7(c)
with Fig. 7(c) for 7>3.

fen)= (47

4.8 Case 8

In this case we consider oscillatory type suction/
blowing velocity i.e., V (t) =U, (1 + &™) and U (t)
=Uy, B # 0, and get the following pressure and
velocity fields

p=p,(t)—ipaUcey, (48)

and
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ﬁ—l,:\.—-_. r=_

Fig. 8. The velocity f against 7z for different values of slip
parameter and =1, w=1, 7=3.

y=Ut+ ieUy e
U,|1-er @
u(y,t)= - 7
Uot + lgUO eimt [U“H%e’“”)
l-erf| ——— 2 +2—ae avt
‘ N Jr
(49)
1
72 i 5
l—erf|n——+ er
n= 20t
f(SE’T) = T 5
1 2, e S
r? ie - 20 |2 WV J
l-erf| —+ T |+ e 2
N2 ek [T n
(50)

where @=vo/U; .

Figure 8 is plotted for velocity f against 77 when
(¢ =1, =1, r=1and a=0, 1, 2, 3). We see
that as the slip parameter increases the amplitude of
oscillation also increases, thus velocity decreases and
becomes uniform at 7 =4.

5. Conclusion

In the present investigation we have solved the
unsteady viscous two directional problem with the
effects of the slip with the general time dependent
velocity at the boundary. We find the general solution
and then discuss it under eight different cases. From
these cases we have observed the following:

With an increase in suction velocity the fluid
velocity increases and with increase in blowing
velocity the fluid velocity decreases, which is
physically expected.

The boundary layer thickness decreases in the case
of suction and increases for blowing (see the cases 2
and 4 for k=-2,0,2,4, where k=-2 is suction and k=24
is blowing).

With the increase in slip parameter the velocity
decreases gradually.

It is found that the velocity effects remain pro-
minent in the vicinity of the boundary and coincides
with the free stream velocity far from the plate (as in
case 6)i.e., 7>3.

The general solution reduces to Stokes first
problem (Stokes, 1901) if we take V (t) =0, =0
and U (t) = U,.

If we take V (t) = %\/g the solution becomes

consistent with (Jahnke et al., 1960).
If we choose o = 0 the solution matches with
(Kozlov and Ptukha, 1981).
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